THE FIRST L 2 -BETTI NUMBER AND APPROXIMATION IN 
ARBITRARY CHARACTERISTIC 



MIKHAIL ERSHOV AND WOLFGANG LUCK 



Abstract. Let G be a finitely generated group and G = Go 2 G\ 3 G2 2 ■ • • 
a descending chain of finite index normal subgroups of G. Given a field K , 
we consider the sequence ^^f' of normalized first Betti numbers of Gi 

with coefficients in K, which we call a X-approximation for b^'(G), the first 
L 2 -Bctti number of G. In this paper we address the questions of when Q- 
approximation and F p -approximation have a limit, when these limits coincide, 
when they arc independent of the sequence (Gi) and how they are related to 
6j 2 '(G). In particular, we prove the inequality linii—joo > 6^ 2 '(G) 

under the assumptions that nGj = {1} and each G/Gi is a finite p-group. 



1. Introduction 

1.1. Q-approximation for the first L 2 -Betti number. Let G be a finitely gen- 
erated group. Given a field K, we let bi(G;K) = dimx(-Hi(G; K)) be the first 
Betti number of G with coefficients in K and 61(G) = &i(G;Q) where Q denotes 
the field of rational numbers. Denote by 6^ (G) the first L 2 -Betti number of G. 
Assuming that G is finitely presented and residually finite, by Luck Approximation 
Theorem (see [H]), b\'(G) can be approximated by normalized rational first Betti 
numbers of finite index subgroups of G: 

Theorem 1.1 (Luck approximation theorem). Let G be a finitely presented resid- 
ually finite group and G = Go 3 Gi 3 ... a descending chain of finite index normal 
subgroups of G, with R^nG, = {1}. Then 

(1-2) bf\G) = lim 

In the sequel we will occasionally refer to a descending chain (Gi) of finite index 
normal subgroups of G as a finite index normal chain in G and to the associated 
sequence ^g.g'.j ^ as Q- approximation. 

If we drop the assumption that G is finitely presented, but still require that 
fligNGi = {1}, one still has inequality b^(G) > limsup^^ by [TTJ Theo- 

rem 1.1], but equality need not hold [TTJ Theorem 1.2]. The latter is proved in [T7] 
by constructing an example where bi (G) > 0, but limsup^^ rg^j = for any 
chain (Gi) as above. In Section [5] we will describe a variation of this construction 
showing that the Q-approximation y ^g.g'j J may not even have a limit: 
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Theorem 1.3. There exists a finitely generated residually finite group G and a 
descending chain (Gi)jgN of finite index normal subgroups of G. with H^nG; = {1}, 
such that lirrii-^oo ^g.g'.j does not exist. 

Another sequence we shall be interested in is ¥ p - approximation, that is, ( ^[grgrp j 

where ¥ p is the finite field of prime order p. This sequence is particularly impor- 
tant under the additional assumption that (Gi) is a p-chain, that is, each Gi has 

p-power index (equivalently, G/Gi is a finite p-group). In this case, f ^gj-grp ) 

is monotone decreasing and therefore has a limit, often called p-gradient or mod p 
homology gradient (see, e.g., |12j ). 

Since obviously bi(H) < bi(H;¥ p ) for any group H, one always has inequality 

(1.4) hm sup < hm sup , ; , 

and it is natural to ask for sufficient conditions under which equality holds. Of 
particular interest is the case when G is finitely presented and H^nG^ = {1} when 
Q-approximation does have a limit by Theorem 11.11 

Question 1.5 (Q-approximation and F p -approximation) . For which finitely pre- 
sented groups G and finite index normal chains (Gi) with fli^Gi = {1} do we have 
equality 

i im = i im M^iiM? 

i— >oo [G : Gi] i— >oo [G : Gi] 

If G is not finitely presented, the above equality need not hold even if we require 
that (Gi) is a p-chain. Indeed, as proved in [19] and independently in [22], there 
exists a p-torsion residually-p group G with lim^oo bl ^Q.}f.^ > for any p-chain 
(Gi) in G (and since G is residually-p, we can choose a p-chain with nG,; = {1}) 

[G:G 



Since b\(H) = for any torsion group H, we have lim^oo = for such group 



G. 

In Section 0] we give an example showing that the answer to Question II .51 would 
also become negative if we drop the assumption Di^Gi = {1}, even if G is finitely 
presented and (Gi) is a p-chain which has infinitely many distinct terms. 

1.2. Comparing F p -approximation and first L 2 -Betti number. Since both 
Fp-approximation and the first L 2 -Betti number provide upper bounds for Q- 
approximation, it is natural to ask how the former two quantities are related to 
each other. We address this question in the case of p-chains. 

Theorem 1.6. Let p be a prime number. Let G be a finitely generated group and 
G = Go 2 Gi 2 G2 2 • • • a descending chain of normal subgroups of G of p-power 
index. Then 

(1) The sequence ( ^j&^f^ J * s monotone decreasing and therefore converges; 

(2) Assume that HigM ^» = {•'■}• Then 



b\ > (G) < lim 



[G:Gi] ■ 

We note that for finitely presented groups Theorem I1.6f 2) is a straightforward 
consequence of Theorem 11.11 

We provide two different proofs of Thcorcm ll.61 First, Theorem II .61 is a special 
case of Theorem 12.21 which will be proved in Section [5] An alternative proof of 
Theorem 1 1 . 61 given in Section [3] will be based on Theorem 13. II The latter may be of 
independent interest and has another important corollary, which can be considered 
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as an extension of Theorem 11.11 to groups which are finitely presented, but not 
necessarily residually finite. Here is a slightly simplified version of Theorem 13.11 

Theorem 1.7. Let G be a finitely presented group, and let K be the kernel of 
the canonical map from G to its profinite completion or pro-p completion for some 
prime p. Let (Gi) be a descending chain of finite index normal subgroups of G such 
that Hi£jqGi = K (note that such a chain always exists). Then 

bf\G/K) = lim^- 



1.3. Connection with rank gradient. Let G be a finitely generated group. In 
the sequel we denote by d(G) the minimal number of generators, sometimes also 
called the rank of G. Let (Gi)igN be a descending chain of finite index normal sub- 
groups of G. The rank gradient of G (with respect to (Gi)), denoted by RG(G; (Gi)), 
is defined by 

(1.8) RG(G;(G l )) = lim^— 1. 

The above limit always exists since for any finite index subgroup H of G one has 
^tg)ffr < d(G) — 1 by the Schreier index formula. 

Rank gradient was originally introduced by Lackenby [llj as a tool for studying 
3-manifold groups, but is also interesting from a purely group-theoretic point of 
view (sec, e.g., [II El [HI [22] ) . 

Provided that G is infinite and PlieN^* = {-*-}> tne following inequalities are 
known to hold: 

(1.9) RG(G; (Gj)) > cost(G) - 1 > bf ] (G). 

The first inequality was proved by Abert and Nikolov [5J Theorem 1] , and the second 
one is due to Gaboriau [§J Corollaire 3.16, 3.23] (see [HI 01111] for the definition and 
some key results about cost). 

It is not known if either inequality in (jl.9p can be strict. In particular, the 
following question is open. 

Question 1.10. Let G be an infinite finitely generated residually finite group and 
(Gi) a descending chain of finite index normal subgroups of G with H^nG^ = {1}. 
Is it always true that 

RG(G; (G i )) = bf ) {G)1 

Theorem 11.61 provides a potentially new approach for answering Question 11.101 in 
the negative, as explained below. 

In view of the obvious inequality d(H) > b\(H;K) for any group H and any 
field K, one always has RG(G; {Gi)) > limsup^^ ^pr^p. 

Question 1.11. For which infinite finitely generated groups G, finite index normal 
chains (Gi)^ with HieN @i = {1} ano - fields K, do we have 

(1.12) RG(G; (Gi)) = limsup ^ffi ? 

Remark 1.13. Since for a group H, the first Betti number b\(H\ K) depends only 
on the characteristic of K, one can assume that K = Q or K = ¥ p for some p. The 
same remark applies to Question II . 141 below. 

Note that if K = Q, equality (|1.12p does not hold in general - if it did, Theo- 
rem 11.31 would have implied the existence of a group G and a finite index normal 



chain (Gj) in G for which the sequence f J nas n ° limit, which is impossible 
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since this sequence is monotone decreasing. If one can find a group G for which 
(|f .I2[) fails with K = F p and (Gi) a p-chain, then in view of Theorem 11.61 such 
group G would answer Question ll.101 in the negative. 

The answer to Question 11.111 would become negative if we drop the assumption 
P\Gi = {1} even if G is finitely presented and (Gi) is ap-chain (with infinitely many 
distinct terms), as we will see in Section 2] 

1.4. Independence of the chain. So far we discussed the dependence of the 
quantity limsup^^ ^igrgfrp on the field K, but perhaps an even more important 
question is when it is independent of the chain. Again it is reasonable to require 
that HieM^* = {1} since without this restriction the answer would be negative 
already for very nice groups like FxZ, where F is a non-abelian free group. Note 
that independence of limsup,^^ ^TQ^pp of the chain (Gi) as above automatically 

implies that lim.;_ i . 00 ^Tg~g~p must exist. 

Question 1.14. For which finitely generated residually finite groups G and fields 
K docs the limit rinij_> 00 ^Tgrgrip exist for all finite index normal chains (Gj)j 6 pj 
with HigN @i = {1} and is independent of the choice of the chain (Gi)? 

The answer to Question 11.141 is known to be positive if K = Q and either G 
is finitely presented (by Theorem II. ip or G is a limit of left ordcrable amenable 
groups in the space of marked group presentations, in which case equality (|1.2[) 
holds by [301 Corollary 1.5]. Question 11.141 remains open if G is finitely presented 
and K = F p . If G is arbitrary, the answer may be negative for any K - this follows 
directly from Theorem 11.31 if K = Q and from its stronger version Theorem 15.11 
if K = F p . In the latter case, however, it is natural to impose the additional 
assumption that (Gi) is a p-chain, which does not hold in our examples. 

Essentially the only case when answer to Question 11.141 is known to be positive 
for all fields is when G contains a normal infinite amenable subgroup (e.g. if G 
itself is infinite amenable). In this case, RG(G; (Gi)) = for all finite index normal 
chains (Gi) with trivial intersection, as proved by Lackenby [TTJ Theorem 1.2] when 
G is finitely presented and by Abert and Nikolov Theorem 3] in general. This, 
of course, implies that in such groups lim^oo ^p-grp = for any such chain (Gi) 
and hence the answer to Questions 11.111 and II . 141 is positive. 

Finally, we comment on the status of a more general version of Question 11.141 

Question 1.15. For which residually finite groups G, fields K, finite index normal 
chains (Gi) with HieN G% = {1}, free G-GW-complexes X of finite type and natural 
numbers n, docs the limit limi_ ) . 0O ^"('gV^^O) exist and is independent of the chain? 

Again, if K has characteristic zero, the answer is always yes and the limit can 
be identified with the n-th L 2 -Bctti number (X ; Af (G)) (see (TJ or [13 The- 
orem 13.3 (2) on page 454], which is a generalization of Theorem II. ip . If K has 
positive characteristic, the answer is yes if G is virtually torsion-free elementary 
amenable, in which case the limit can be identified with the Ore dimension of 
H n (X; K) (see [T31 Theorem 5.3]); the answer is also yes for any finitely generated 
amenable group G - this follows from [TJ Theorem 17] or [T3J Theorem 2.1] - and 
the limit can be described using Elck dimension function (see [6]). There are exam- 
ples for G = Z of finite G-GVF-complexes X where the limits lim^oo ^Tgrgrr^ 
are different for K = Q and K = ¥ p (but X is not EG), see [T3J Example 6.2]. 

1.5. Acknowledgments. The authors want to thank the American Institute of 
Mathematics for its hospitality during their stay at the Workshop "i 2 -invariants 
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and their relatives for finitely generated groups" organized by Miklos Abert, Mark 
Sapir, and Dimitri Shlyakhtenko in September 2011, where some of the ideas of this 
paper were developed. The authors are very grateful to Denis Osin for proposing 
several improvements in Section [4] and other useful discussions. The first author 
is very grateful to Andrei Jaikin-Zapirain for many helpful discussions related to 
the subject of this paper, sending his unpublished work "On p-gradicnt of finitely 
presented groups" and suggesting a stronger version of Theorem 13. 1( 2). 

2. The first L 2 -Betti number and approximation in prime 

characteristic 

If G is a group and X a G-CW-complex, we denote by 

(2.1) b^(X;N(G)) = &m M(G) (H n {N{G)® ZG C*{X))) 

its n-th L 2 -Betti number. Here C*(X) is the cellular ZG-chain complex of X, 
A/"(G) is the group von Neumann algebra and dinuv(G) is the dimension function 
for (algebraic) A/"(G)-modules in the sense of [TSJ Theorem 6.7 on page 239]. Notice 
that b[ 2) (G) = b¥ ] (EG;Af(G)). 

The goal of this section is to prove the following theorem which generalizes 
Theorem OJ 

Theorem 2.2 (The first L 2 -Betti number and F p -approximation). Letp be a prime 
number. Let G be a finitely generated group and (Gi) a descending chain of normal 

subgroups of p-power index in G. Let K = HigN ^i- Then the sequence ( ^[grgrp ) 
is monotone decreasing, the limit limi_ ! . 00 ^rg^y-p exists and satisfies 

bf\K\EG-MG/K)) < fim 

For its proof we will need the following lemma, which is proved in [3l Lemma 4.1] , 
although it was probably well known before. 

Lemma 2.3. Letp be a prime and m, n positive integers. Let H be a finite p- group . 
Consider an ¥ p H-map a: ¥ p H m — > ¥ p H n . Define the ¥ p -map 

a = id Fp ® ¥pH a : F™ = ¥ p ® WpH ¥ p H rn -> F^ 1 = F p ® ¥pH ¥ p H n , 

where we consider ¥ p as ¥ p H -module by the trivial H -action. Then 

dim Fp (im(a)) > \H\ ■ dim Fp (im(a)). 

Notice that the assertion of Lemma 12.31 is not true if we do not require that H 
is a p-group or if we replace F p by a field of characteristic not equal to p. 



Proof of Theorem \2.SX Since G is finitely generated, there is a CW- model for BG 
with one 0-cell and a finite number, let us say s, of 1-cells. Let EG — > BG be 
the universal covering. Put X = K\EG and Q = G/K. Then A is a free Q- 
GT^-complex with finite 1-skeleton. Its cellular ZQ-chain complex G*(A) looks 
like 

r s 

► G 2 (A) = 0ZQ ^ Gi(A) = 0ZQ ^ G (A) = ZQ 

3=1 3=1 

where r is a finite number or infinity. 

For m = 0, 1, 2, . . . wc define a ZQ-submodulc of G 2 (A) by G 2 (A)| m = Q^ m ' r } 
Denote by c?\ m : G 2 (A)| m — > Gi(A) the restriction of c 2 to G 2 (A)| m . 

Consider a ZQ-map /: M N. Denote by f^ : ^ the Af(Q)- 

homomorphism id jV(G) ®zq/: M{Q) ®iq M -> N(Q) ®iq N. Put Q, = G % /K. 
Let f[i] : M[i] ->• N[i] be the Q-homomorphism idQ g)/: Q®z[Qi] M -> Q®z[q,] n - 
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Denote by f[i,p] : M[i,p] — > N[i,p] the F p -homomorphism id Fp <8>z[Qi]/ '■ ®i[Qi] 
M -> ¥ p ® zm N. KM = ©* =1 ZQ, then A/( 2 ) = 0* =1 W(Q), M[i] = ©* =1 Z[Q/Q 4 ] 

and M[i,p] = ©5 =1 F p [Q/Q < ]. 
Note that 

6i(Qi\JC;F p ) = bi(Gi\EG;¥ p ) = b^BG^Wp) = 6 1 (G i ;F p ). 

Since all dimension functions are additive (see [151 Theorem 6.7 on page 239]), we 
conclude 

(2.4) b?\X;M(Q)) = S -l-dmi^ (Q) (im(4 2) )); 



(2.5) 



bi{Gi]¥p) -i - dimF p ( im ( c 2 [VP])) 

[Q : Qi] * [Q : Qi] 

(2.6) dim A ^ (Q) (im(c 2 |^ ) )) = m - dining) (ker(c 2 |^ ) )) ; 

dim Q (im(c 2 1 m [i] ) ) dim Q (ker (c 2 \ m [«])) 

— — 777 — - — ■ 

[Q : Qi] [Q : Qi] 

dim Fp (im (c 2 | ro [i, p])) dim Fp (ker (c 2 1 m [i, p] ) ) 



(2.7) 
(2.8) 



[Q ■ Qi] [Q ■ Q l 



There is an isomorphism of F p -chain complexes F p Cg) F [Q i+1 \Qi] C*(X)[(i + l),p] — > 
C*(X)[i,p], where the Qi+i\Qi-operation on C*(X)[i + 1] comes from the iden- 
tification C,(X)[i + 1] = F p ® Fp [ Ql+1 ] C.{X) = ¥ p [Q l+1 \Q] ® WpQ C*{X). This 
is compatible with the passage from C 2 (X) to C 2 (X)| m . Hence c 2 | m [i,p] can be 
identified with id Fp <8> Fp [Q I+1 \Q,]C 2 | m [(i + l),p]- Since Q i+ i\Qi is a finite p-group, 
Lemma 12.31 implies 

dim Fp (im(c 2 | m [(i + l),p])) > [Qi : Qi+i] ■ dim Fp (im(c 2 | m [i,p])). 

We conclude 

(2 q) dim Fp (im(c 2 | m [(i + l),p])) dim Fp (im(c 2 | m [z,p])) 

[ ' ' [Q: Qi+i] ~ [Q ■■ Qi] 

(2) (2) 

Since im(c2 ) = \J m ' lm ( c 2\™ ) an d i m (c2[i,p]) = LL i m ( c 2|m[«,p]) and the di- 
mension functions are compatible with directed unions (see [151 Theorem 6.7 on 
page 239]), we get 

(2.10) dim A r (Q) (im(4 2) )) = Jim^ diirw (Q) (im(c 2 |^)); 

(2.11) dim F (im(c 2 [z,p])) = lim dim F (im(c 2 | m [i,p])). 

m— >oo 

We conclude from [151 Theorem 13.3 (2) on page 454 and Lemma 13.4 on page 455] 

dim Q (ker(c 2 | m [ii])) (2) 
lim rn.ni = dm W(Q)(ker(c 2 |y)). 

This implies together with (J2T6J) and (|2.7p 

(2.12) lim , , = dim^ (Q) (im(c 2 |y)). 

Finally, it is easy to see that 

(2.13) dim Q (im(c 2 | m [i])) > dim Fp (im(c 2 | TO [z,p])). 

Putting everything together, we can now prove both assertions of Theorem 12.21 
First, for a fixed to, the sequence ( Lp [q-q ^ 1 ^ s mon °tone increasing 
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by (|2.9|) . whence the sequence ^ dlmE, p ^ j s a i so monotone increasing by 

(12. lip and therefore the sequence 0^j§£ff^ j . i s monotone decreasing by (|2.5|) . This 
proves the first assertion of Theorem 12 . 2 1 since clearly [Q : Qi] = [G : Gi]. 

Inequality (|2.9p also implies that lim dlul¥p (^f^Il^i > dlmF p ('mtoUb'.p])) £ Qr 
any fixed j and m, and so 

,„ 1>n ,. r dim F (im(c 2 | m [i,p])) f dim F (im(c 2 | m [i,p])) l 
(2.14) hm hm — — > sup i hm — — \ . 

Therefore, 

6[ 2) (X;AA(Q)) *P S -l-dim^ (0) (im(4 2) )) 

s-1- lim dim J v (Q) (im(c 2 |^ ) )) 
m— >oo 

t2~T2t 1 ,. dimnj(im(c 2 | m [i])) 
s - 1 - hm hm 

, ,. ,. dim F (im(c 2 | m [j,p])) 
< s — 1 — hm Inn — 



m— s-oo i— >oo 



2^ 1 J .. dim Fp (im(c 2 | m [z,p])) 

< s — 1 — sup < hm 



s — 1 — sup 

?:>0 



i>0 i >oo [Q : Q l 

dim Fp (im(c 2 [i,p])) 
[Q : Qi] 
_ dim Fp (im(c 2 [i,p])) ] 



J>o | S [Q : Q 



*>o [ [Q : Qi] 

This finishes the proof of Theorem 12.21 □ 



3. Alternative proof of Theorem 11.61 

In this section we give an alternative proof of Theorem ll.61 Namely, Thcorcm ll.61 
is an easy consequence of the following result, which may be useful in its own right. 

Theorem 3.1. Let G be a finitely presented group, let (Gi) be a descending chain 
of finite index normal subgroups of G, and let K = Hi^i Gi- 

(1) The following inequalities hold: 



hm < bf\G/K) < bf\K\EG;N{G/K)) = lim 



[G : Gi] n->oo [G : Gi 



(2) Let C be any class of finite groups which is closed under subgroups, exten- 
sions (and isomorphisms) and contains at least one non-trivial group (for 
instance, C could be the class of all finite groups or all finite p-groups for a 
fixed prime p). Assume that K is the kernel of the canonical map from G 
to its pro-C completion. Then 

bf\G/K)= lim^ 



[G : Gi] ' 
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If in addition all groups G/Gi are in C , then 
(3.2) lim ^ffp = b?\G/K) = bf\K\EG-N{G/K)) = lim 



[G : Gi] i->oo [G : Gi] 

Proof. (HJ) Since G is finitely presented, there is a G-CW-model for the classifying 
space BG whose 2-skeleton is finite. Let EG — > BG be the universal covering. 
Then EG is a free G- GIF-complex with finite 2-skeleton. Put 

Q = G/A; 
Qi = Gi/K. 

Then Q = Qo D Q± D • • ■ is a descending chain of finite index normal subgroups 
of Q with Hi^o Qi = i^} an< ^ we nave f° r i = 0, 1,2, . . . 
(3.3) [G : Gi\ = [Q:Qi]. 

The quotient X — K\EG is a free Q-CJF-complex whose 2-skcleton is finite. Let 
X 2 be the 2-skeleton of X. Since the first L 2 -Betti number and the first Bctti 
number depend only on the 2-skeleton, from [HI Theorem 0.1] applied to the G- 
covering X 2 — > X 2 /G (we do not need X 2 to be simply connected) or directly 
from [TSJ, Theorem 13.3 on page 454], we obtain 

(3-4) bf\x-M{Q)) = lim^^. 

1^00 [Q : Qi\ 

Let /: X — > EQ be the classifying map. Since EQ is simply connected, this map 
is 1-connected. This implies by [15] Theorem 6.54 (la) on page 265] 

(3.5) b { ?\x-N{Q)) > b[ 2) (EQ;M(Q)). 

The group Q is finitely generated (but not necessarily finitely presented) , so by [171 
Theorem 1.1] we have 

(3.6) lim T^7fT * b ?(Q)- 

i->oo [Q : Qi\ 

Notice that b\ (Q) = b\ (EQ;Af(Q)) by definition and we obviously have Q\X = 
Gi\EG = BGi and hence b^Q^X) = 61 (G f ). Combining ([53]) . (I3T41 . (133j) . 
and (|3.6|) . we get 

.lim ^ < >(Q) < W)) = lim h -§^§ = lim ££0 

This finishes the proof of assertion ([T|) . 

© First observe that since b { ? ] (K\EG\N(G/K)) = lim by ©, the limit 

lim is the same for all finite index normal chains (Gi) with H^nG; = A'. 

By definition of A, there exists at least one such chain with G/Gi £ C for all i (e.g. 
we can let (Gi) be a base of neighborhoods of 1 for the pro-C topology on G), so it 
suffices to prove (|3.2p . Thus, from now on we will assume that G/Gi € C for ieN. 

For a finitely generated group H we denote by H' the kernel of the composite of 
canonical projections H — > H\(H) — > Hi(H)/ tors(Hi(H)), so that H/H' is a free 
abelian group of rank b\(H). 

As in the proof of (1), we put Qi = Gi/K for i £ N. It is sufficient to prove that 
that A C G[ for i G N. Indeed, this would imply that Qi/Q'i = Gi/G^, whence 
bi(Qi) = b\(Gi) and therefore limj_>oo ^g.g'.j = lim^oo j'g.g'i , which proves (2) in 
view of (P). 



^We are grateful to Andrei Jaikin-Zapirain for this observation. 
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Fix i g N and let H = G\. Since C contains at least one non-trivial finite group 
and is closed under subgroups, it contains a finite cyclic group, say of order k. 
Since C is closed under extensions, it contains (Z/fc m Z) 6 for all m, b g N. Setting 
b = h(H), we get that H/H'H* 1 " 1 g C for all m g N, and since C is closed under 
extensions, we obtain G/H'H km g C. By definition, A is the intersection of all 
normal subgroups L of G with G/L g C. Therefore, K C f| F'ff fem = H'. □ 

meN 

Second proof of Theorem I J. 61 

(H|) This is a direct consequence of the following well-known fact: if H is a normal 
subgroup of p-power index in G, then bi(H;¥ p ) — 1 < [G : H](bi(G;¥ p ) — 1) (see, 
e -g-j [HI Proposition 3.7]). 

(|2|) Choose an cpimorphism 7r : A — >• G, where F is a finitely generated free group. 
Fix n g N, let A n = 7r _1 (G n ) and = [F„,F n ]i^. Then # is a finite index 
subgroup of F, so we can choose a presentation (X, R) of G associated with it such 
that i? = i?i U i?2, where i?i is finite and i?2 C H. 

Consider the finitely presented group G = (X \ Ri). We have natural cpimor- 
phisms <f>: G — > G and ip: F — > G, with <^/> = 7r. If we let Gi = 4>~ l (Gi) and 
A' = f|Si Gt, then G/A ^ G. Thus, applying Theorem O © to the group G 
and its subgroups (G;), we get bf\G) < lim,-^ ■ Clearly, lim^oo < 

lim^oo fcl r ( ^ Fp) > and b y assertion (TTJ), 

U m fe iffi;F P ) < & ifi^ F p) = h(G n ;¥ p ) 
[G : Gj] " [G:G„] [G : G„] - 

Since G = G/{{tp(R 2 ))) and by construction ^(i? 2 ) C ijj(H) = [G„, G„]G£, we have 
ker0 C [G„,G„]G£, and therefore &i(G„;F p ) = 6 X (^(G„); F„) = &i(G„;F p ). 

Combining these inequalities, we get b\ (G) < bl [Q.Q ¥ ^ ■ Since n is arbitrary, 
the proof is complete. □ 



4. A COUNTEREXAMPLE WITH NON-TRIVIAL INTERSECTION 

In this section we show that the answer to Questions 11.51 and 11.111 could be 
negative for a finitely presented group G and a strictly descending chain (Gj)igN 
of normal subgroups of p-power index if the intersection Hi^Gi is non-trivial (see 
inequalities (|4.2[) below). 

We start with a finitely generated group H (which will be specified later) and 
let G = H * Z. Choose a strictly increasing sequence of positive integers m, na, • ■ • 
with rii | n,+i for each i, and let G, C G be the preimage of rii ■ Z under the natural 
projection pr: G = Z * A — >• Z. Then (Gi)jgm is a descending chain of normal 
subgroups of G with p|i>i = ker(pr). Let BGi — > AG be the covering of BG 

associated to Gi C G. Then AGi is homcomorphic to 5* 1 V (Vj=i AA^j . We have 



G t S 7Ti {BGi) = TTi S 1 V V Bff ^ Z* (^fl) 




Since for any groups ^4 and A we have ^4 * A/L4 * A, A * B] = A/ [A, A] © A/[A, A] 
and d(A * B) = d(A) + <i(A) by Grushko-Neumann theorem (see [U Corollary 2 in 
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Section 8.5 on page 227], we conclude 

rii 

Hi (Gi\ K) = K®@Hi(H;K); 

i=i 

m 

Hi{Gi) = Z©0fTi(iO; 

i=i 

d(Gi) = l + m-d(H); 
lim^^O = bl{H;K); 

i— >oo 

lini^S = d( ffl (fl) ); 

i — ^ oo 

RG(G; (Gi)i>i) = d(H). 
Now let p q be distinct primes and H = TLj-pL *Z/qZ* 7,/qZ. Clearly we have 

(4.1) bi(H)=0, bi(H;¥ p ) = l, d{H 1 {H)) = 2, d(H) = 3. 
Hence we obtain 

(4-2) lim < lim ^ < lrm < RG(G; (G ? ),:>i). 

Using a different H we can produce an example of this type where G has a very 
strong finitcness property, namely, G has finite 2-dimcnsional BG. The construction 
below is due to Denis Osin and is simpler and more explicit than the original version 
of our example. 

Again, let p ^ q be two primes. Consider the group 

H = (x,y, z | x p = u,y q = v, z q — w ) , 

where u,v,w are words from the commutator subgroup of the free group F with 
basis x, y, z such that the presentation of H satisfies the C"(l/6) small cancellation 
condition. Such words are easy to find explicitly. Note that G = H * Z is a 
torsion-free C"(l/6) group, hence it has a finite 2-dimensional BG. 

Since u,v,w € [F,F], we have h(H) = 0, bi(H;¥ p ) = 1, d{Hi{H)) = 2. Further 
it follows from [JJ Corollary 2] that the exponential growth rate of H can be made 
arbitrarily close to 2 • 3 — 1 = 5, the exponential growth rate of the free group of 
rank 3, by taking sufficiently long words u, v, w. As the exponential growth rate 
of an m-generated group is bounded from above by 2m — 1, we obtain d(H) = 3 
whenever u,v,w are sufficiently long. (For details about the exponential growth 
rate we refer to [JJ.) 

By using a more elaborated construction from |24j , one can make such a group G 
the fundamental group of a compact 2-dimensional CAT{— 1) CW-complex. Othcr 
examples of this type can be found in [3] and [TS] . 

5. Q- APPROXIMATION WITHOUT LIMIT 

In this section we prove the following theorem, which trivially implies Theo- 
rem [TJ3J 

Theorem 5.1. Let d > 2 be a positive integer, let p be a prime and let e be a real 
number satisfying < e < 1. Then there exist a group G with d generators and 
a descending chain G = Gq 3 Gi 3 G% ■ ■ ■ of normal subgroups of G of p-power 
index with H^i Gi — {1} with the following properties: 

(i) Iiminf^ j^gj >d-l-s; 

fill lim b 1 (G 2l -i) _ ft 
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Moreover, if q is a prime different from p, we can replace (ii) by a stronger condition 
(ii)>: 

(iio lim^ = 0. 

Note that the last assertion of Theorem 15.11 shows that the answer to Ques- 
tion [TTTJ] can be negative when char^) = q > if we do not require that (G,) is 
a q- chain. 

5.1. Preliminaries. Throughout this section p will be a fixed prime number. 
Given a finitely generated group G, we will denote by Gp the pro-p completion 
of G and by G( p ) the image of G in Gp (which is isomorphic to the quotient of G by 
the intersection of normal subgroups of p-power index). Given a set X, by F{X) 
we denote the free group on X . 

Let F be a free group and w <G F a non-identity element. Given n £ N, denote 
by the unique element of F whose n th power is equal to w (if such element 
exists). Define e p (w, F) to be the largest natural number e with the property that 
fw exists in F. 



Lemma 5.2. Let {X, R) be a presentation of a group G with X finite, F = F(X) 
and it: F — > G the natural projection. Let H be a normal subgroup of p-power 
index in G, and let Fh = ~k^ 1 {H). Then H = Fh/((Rh)) where Rh contains 
p e P {r,F)^}(r,F H ) F -conjugates of r for each r G R and no other elements. 

Proof. Very similar results are proved in both [TI5] and [22] , but for complete- 
ness we give a proof. For each r € R, write r = w(r) p P< ' , and choose a right 
transversal T = T(r) for (w(r))FH in F. Then, since w(r) commutes with r, 
by [HI Lemma 2.3] we have (r) F = ({t _1 rf : t £ T}) Fh . Hence ({t _1 rt : r <G 
R,t e T(R)}) Fh = {R) F = kcrTr = kcr(i^ -> H), and so it suffices to prove that 
\T(r)\ - ^ 



„(r,F)-ej, (r,F a ) • 



We have 

\T(r)\ = [F : ( W (r))F ff ] 



[F : [G : H] 



[{w{r))F H : F H ] [(w(r)) : (w(r)) n 
Finally note that [(w(r)) : (w(r)) n Fy] is equal to p k for some fc (as it divides 
[F : F H ] = p n ), so (w(r)) nf fl = (w(r)P k ). But then from definition of e p {r,F„) 
we easily conclude that ((w(r) p ) p p( ' h) = r = w(r) p P< ' . Hence fc = e p (r, F) — 
e p {r,F H ) and \T{r)\ = pgp(r ififJ (l ., Fff) , as desired. □ 

The following definition was introduced by Schlage-Puchta in [22] . 

Definition 5.3. Given a group presentation by generators and relators (X,R), 
where X is finite, its p-deficiency def p (X,R) € KU {— oo} is defined by 

1 



def P (X,R) = \X\-1 



X] D e p (r,F(X))- 
reR y 



The p-deficiency of a finitely generated group G is the supremum of the set {def p (X, R)} 
where {X, R) ranges over all presentations of G. 

The main motivation for introducing p-deficiency in |22j was to construct a 
finitely generated p-torsion group with positive rank gradient. Indeed, it is clear 
that there exist p-torsion groups with positive p-deficiency, and in |22j it is proved 
that a group with positive p-deficiency has positive rank gradient (in fact, positive 
p-gradient). This is one of the results indicating that groups of positive p-deficiency 
behave similarly to groups of deficiency greater than 1 (all of which trivially have 
positive p-deficiency for any p) . 
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Lemma [53] below shows that a finitely presented group G of positive p-deficiency 
actually contains a normal subgroup of p-power index with deficiency greater than 
1, provided that the presentation of G yielding positive p-dcficiency is finite and 
satisfies certain technical condition. 

Definition 5.4. A presentation (X, R) of a group G will be called p-regular if for 
any r £ R such that tfr exists in F(X), the image of tfr in G( p ) is non-trivial. 
This is equivalent to saying that if we write each r £ R as r = v p , where v is not 
a p th power in F(X), then the image of v in G( p ) has order p e . 

Lemma 5.5. Let (X,R) be a finite p-regular presentation of a group G. Then there 
exists a normal subgroup of p-power index H of G with ^rgr^i 1 > dei p (X,R). 

Proof. Let F = F(X). Let ri,...,r m be the elements of R and let s, = jfrl, 
whenever it is defined in F(X). 

Let 7T : F — > G( p ) be the natural projection. Since the presentation [X, R) is 
p-regular, 7r(sj) is non-trivial whenever Si is defined, and since the group G/ p \ is 
rcsidually-p, there exists a normal subgroup H' of G( p ) of p-power index which 
contains none of the elements tt(s,). 

Let Fjj = n^ 1 (H'). By construction, Sj ^ i^ij, but rj £ Fjj, and therefore 
ep(ri,Fu) = for each z. Let H be the image of Fh in G. Then by Lemma [5.21 
H has a presentation with d(Fu) generators and X)t=i i^^L) relators. Since 
d{F H ) - 1 = (\X\ - 1)[F : F H ] = {\X\ - 1)[G : H] by the Schrcicr formula, wc get 



Lemma 5.6. Let (X,R) be a finite p-regular presentation, and let G = (X\R). Let 
f G F(X) be such that the image of f in the pro-p completion of G has infinite order. 
Then there exists N £ N such that for all n > N the presentation (X, R U {f p }) 
is p-regular. 

Proof. Let r\,...,r m be the elements of R. By assumption there is a normal 
subgroup of p-power index H of G such that ^frl does not vanish in G j H (whenever 
ifFi exists in F(X)). Let tt: F(X) —> G be the natural projection, and choose 
N £ N satisfying n(f pN ) £ H. 

Let n > N, let g = %(f), and let G' = G/((g pn )) = (X\RU{f pn }). We claim 
that the presentation (X, R U {f p }) is p-regular. We need to check that 

(i) each tfrl does not vanish in G'p 

(ii) / p ™ 1 does not vanish in G'p 

The kernel of the natural map G — > G'p is contained in H since g p £ H and G/H 
is a finite p-group. Since 7r(^/?7) ^ H, this implies (i). Further, an element x ^ 1 
of a pro-p group cannot lie in the closed normal subgroup generated by x p . Hence 
if g is the image of g (also the image of /) in Gp, then g p does not lie in the 
closed normal subgroup of Gp generated by g p , call this subgroup C. Finally, by 
definition of G', there is a canonical isomorphism from Gp/C to G'p, which maps 
the image of / in Gp/C to the image of / in G'p. Thus, we verified (ii). □ 

Corollary 5.7. Let (X,R) be a finite p-regular presentation, and let G = (X \ R). 
Let H C K be normal subgroups of F(X) of p-power index, and let 6 > be a real 
number. Then there exists a finite set R' c [K, K] with p- e p( r > F ( x )) < § such 




□ 



that 
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(1) the presentation (X, RU R!) is p -regular; 

(2) ifG' = (X | RUR') and H' is the image of H in G' , then h(H') < d(K). 
Moreover, if q is a prime different from p, we can require that bi(H';¥ q ) < d(K). 

Proof. If bi(H;¥ q ) < d(K), we can choose R' = 0. Hence we can assume without 
loss of generality that b\ (H; ¥ q ) > d(K). Clearly, it suffices to prove a weaker state- 
ment, where inequality bi(H'- 7 ¥ q ) < d(K) is replaced by b\(H';¥ q ) < bi(H;¥ q ). 
The assertion of Corollary 15 . 71 then follows by repeated applications with S replaced 
by S/(h(H,¥ q )-d(K)). 

Let Y be any free generating set for H. Obviously K/[K,K] is a free abelian 
group of rank d(K). Any (finite) matrix over the integers can be transformed by 
elementary row and column operations to a diagonal matrix. Hence by applying 
elementary transformations to Y, we can arrange that Y is a disjoint union Y\ U Y 2 
where |Yi| < d{K) and Y 2 C [K,K). 

Let L = (Y2), the subgroup generated by Y 2 . Since bi(H;¥ q ) > d(K), there 
exists / € Y<x whose image in H/[H, H]H q = Hi(H,¥ q ) is non-trivial. Now apply 
Lemma 151)1 to this /, choose n such that i < S and let R' = {f p }. The choice of 
/ ensures that bi(H';¥ q ) < bi(H;¥ q ), so R 1 has the required properties. □ 

5.2. Proof of Theorem 15.11 To simplify the notations, we will give a proof of 
the main part of Theorem 15.11 The last part of Theorem 15.11 is proved in the same 
way by using the last assertion of Corollary 15.71 

We start by giving an outline of the construction. Let F = F(X) be a free 
group of rank d ~ \X\. Below we shall define a descending chain F = Fq 3 
Fx 2 • • • of normal subgroups of F of p-power index and a sequence of finite subsets 
Rx,R 2 ,...ofF. Lcti? = lJSi^n- For each ne Z> we let G{n) = F/((U?=i Ri}}, 
G(oo) = lim G(i) = F/((R)) and let G be the image of G(oo) in its pro-p completion. 
Denote by G(n)i, G(oo)i and Gi the canonical image of Fi in G(n),G(oo) and G, 
respectively We will show that the group G and its subgroups (Gi) satisfy the 
conclusion of Theorem 15.11 

Fix a sequence of positive real numbers (S n ) which converges to zero and a 
descending chain (& n ) of normal subgroups of p-power index in F which form a 
base of neighborhoods of 1 for the pro-p topology. The subgroups F n and relator 
sets R n will be constructed inductively so that the following properties hold: 

(i) For n > we have 

bi(G(n) 2n ) 
[G(n) : G{n) 2n ] > ° 

(ii) For n > 1 we have 

[G(n) : G(n) 2 n-i] 

(iii) R n is contained in -^271-2] for n > 1; 

(iv) F 2n C $„ for n > 1; 

(v) def p (X, Uf =1 iJi) > d - 1 - £ for n > 1; 

(vi) The presentation (X, U" =1 i?i) is p-regular for n > 1. 

We first explain why properties (i)-(vi) will imply that the group G and its 
subgroups (G„) have the desired properties. Each G„ is normal of p-power index in 
G since F n is normal of p-power index in F. Condition (iv) implies that (G„) is a 
base of neighborhoods of 1 for the pro-p topology on G, and since G is rcsidually-p 
by construction, we have H^Li G n = {1}. 

Condition (iii) implies that [G(n) : G(n)i] = [G(oo) : G(oo)»] and bx(G(n)i) = 
b\(G(oo)i) for i < 2n. Since G(oo)j is normal of p-power index in G(oo), the 
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group G(oo)/[G(oo)j,G(oo)j] is residually-p, so both the index and the first Betti 
number of G(oo) j do not change under passage to the image in the pro-p completion 
of G(oo): [G : GJ = [G(oo) : G(oo)<] and 61 (G;) = &i(G(oo)i). In view of these 
equalities, conditions (i) and (ii) yield the corresponding conditions in Theorem l5.il 

We now describe the construction of the sets R n and subgroups F n . The base 
case n = is obvious: we set Fq = F and G(0) = F, and the only condition we 
require for n = (condition (i)) clearly holds. 

Suppose now that N £ N and we constructed subsets (Ri)^Li and subgroups 
CFi)i=i such that (i)-(vi) hold for all n < N. 

Let F 2 n+i = [F2n,F2n]F% n where e is specified below. Then i^jv+i is a 
normal subgroup of p-power index in F and F 2 at 3 ^2jv+i D [-FW, -FW]- Since 
bi(G(N) 2N ) > by (i) for n = N and hence 

P e < |^i(G(7V) 2Ar )/p e -H 1 (G(iV) 2A r)| 

= |G(7V) 2W /[G(7V) 2A r,G(7V) 2A r]G(7V)P;| 

= |G(7V) 2JV /G(iV) 2J v + i| 

= [G(N) 2N : G(N) 2N+1 ] 

< [G(N):G(N) 2N+1 ], 



so we can arrange 



d(F 2N ) 



< 8 



N+l 



[G(N) : G(N) 2N+1 ] 

by choosing e large enough. 

Now applying Corollarv l5.7l with H = F 2N+1 , K = F 2N and 8 = def p (X, U^ 1 i? i )- 
(d — 1 — e), we get that there is a finite subset i?jv+i C [F 2 at,F 2 tv] such that the 
presentation {XjU^j^Ri) is p-regular and def p (X, D^L^Ri) > d — 1 — e. Hence 
conditions (iii),(v),(vi) hold for n = N + 1. The subgroup W in the notations of 
Corollarv l5.7l is equal to G(N + 1) 2 tv+i, so b\{G{N + l) 2 iv+i) < d{F 2 N). Since con- 
dition (hi) implies [G(7V + 1) : G(N + 1) 2 jv+i] = [G(N) : G(N) 2N+1 ], we conclude 

2N+l) . d(F 2 N) 

[G(N + 1) : G(N + 1) 2N+1 } ~ [G(N) : G(N) 2N+l\ 

Thus we have shown that conditions (ii),(iii),(v),(vi) hold for n = N + 1. 

It remains to construct F 2 m+ 2 and to verify (i) and (iv) for n = N + 1 . We apply 
Lemma 1531 to G(N + 1) = (X | U^i?,) and obtain using (v) a normal subgroup 

of G(iV + 1) of p-power index satisfying 

def(if) - 1 

> d -l-e. 



[G(N + 1):H] 

Let F 2 jy+2 C i^jv+i H $Ar+i be the intersection of the preimage of H under the 
projection pn+i ■ i'jv+i — > G(7V + 1) with F 2 n+i H $iv+i- Obviously (iv) for holds 
n = TV + 1. Then G{N + 1) 2 at+ 2 is a subgroup of H of finite index. The quantity 
def(-) — 1 is supermultiplicative, i.e., if L is a finite index subgroup of H, then 
def(L) — 1 > [H : L] ■ (dei(H) — 1), see for instance P33 Lemma 2.2]. Hence we 
conclude 

dcf(G(iV + l) 2A r +2 )-l def(fl)-l , . 

> r „, , T ; — — r > a — 1 — e. 



[G(7V + 1) : G(N + l) 2N+2 )} ~ [G(N + 1) : H] 

Since bi(G(N + l) 2W +2) > dcf(G(7V + l) 2JV+2 ), condition (i) holds for n = N+l. 
This finishes the proof of Theorem 15.11 
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